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We present a self-consistent treatment of the electron-hole correlations in optically excited quantum
wires within the ladder approximation, and using a contact potential interaction. The limitations of
the ladder approximation to the excitonic low-density region are largely overcome by the introduction
of higher order correlations through self consistency. We show relevance of these correlations in the
low-temperature emission, even for high density relevant in lasing, when large gain replaces excitonic
absorption.
Based on the singularity of the density of states (DOS)
of massive particles at the band edge in one dimension
(1D) and the single particle picture, large gains and
significant improvements in optical devices have been
predicted for 1D systems.1,2 However, inclusion of the
Coulomb correlations among the photoexcited carriers
results in a finite absorption at the band gap, i.e. in a
vanishing Sommerfeld factor.3,4 This effect is related to
the large exciton binding energy and oscillator strength,
which strongly reduces that available for free carriers.
Correlation between electrons and holes is therefore very
important in 1D, and likely to persist up to large carrier
densities. It has been shown that screening in 1D sys-
tems has a little influence on optical nonlinearities,5 and
in a first approximation can be neglected. Thus, a mini-
mal model describing the optical properties of the wires
has to include the strong Coulomb correlation between
electron and holes, both in the low density excitonic limit
and for the higher densities, when the Fermi gas becomes
degenerate. Therefore, the time dependent Hartree-Fock
(HF) approximation for the electron-hole system, which
is used in the derivation of the semiconductor Bloch equa-
tions, is not sufficient for this purpose. Indeed, this fact
is also recognized for higher dimensional systems, where,
beside screening effects, the time-dependent HF was im-
proved by including scattering between carriers at the
Born level.6 But, even if in the optical response the ex-
citon resonance is reproduced, the excited electrons and
holes in this model are still the single particle states of
the Hartree-Fock theory, thus bound electron-hole pairs
are not included. In this work we go beyond these ap-
proximations, and include correlation effects by summing
up electron-hole scattering to infinite order in ladder-
type diagrams (ladder approximation, LA). The result-
ing renormalized interaction (T-matrix) is known to cor-
rectly reproduce the bound states at low carrier densities,
and Coulomb correlations among the unbound states.
Phase-space filling effects are also partially included.7
However, the range of validity of the LA is in fact rather
limited, as higher order correlations become important at
higher densities. These can be partially recovered within
a self-consistent approach (self consistent ladder approx-
imation, SCLA), where the bare electron and hole propa-
gators are dressed to include the effects of scattering with
other carriers on propagation. In this way, multiple scat-
tering between bound and unbound pairs are effectively
included.8 These correlations are relevant for tempera-
tures smaller than the exciton binding energy, which is
significantly large in these systems. In this work we con-
sider a simplified coulomb interaction potential in order
to clearly assess this statement and compare its results to
simpler models, which do not include correlation. As an
interesting example, we finally show that emission calcu-
lated within our model shows qualitative agreement with
experimental observations,9 explaining the origin of ap-
parent absence of band gap renormalization in the emis-
sion for the wires.
We here consider one parabolic, and spinless, con-
duction band for electrons (creation operators ck) and
one for holes (dk), with the same masses, interacting
through a simple contact potential V (x) = aδ(x), where
a = 2EbaB, Eb and aB being the binding energy and
the Bohr radius of the exciton. Electrons and holes
are independent fermions, and the corresponding opera-
tors commute. We introduce dimensionless units, where
Eb = 1/2, and lengths are scaled with the 1D Bohr ra-
dius. Then, the Hamiltonian reads
H =
∑
k
k2
4
[
c†kck + d
†
kdk
]
−
∑
k,k′,q
c†k−qd
†
k′+qdk′ck.
The choice of the contact potential makes T-matrix self-
consistency manageable to both numerical and analytical
treatment. Within this potential, electron-electron and
hole-hole interactions are absent for the same spin. Al-
though a drawback for realistic calculations, it allows us
to focus on the electron-hole correlation alone. We also
remark that screening can not be consistently introduced
within such a restricted form of the potential. But this is
presumably a minor drawback in 1D, as remarked above.
Standard finite temperature Green function techniques
may be used to write the SCLA. However, the solution
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of the self-consistent problem is by necessity numerical,
and the analytical extension to real frequencies is nu-
merically difficult, due to the complex structure of the
resulting Green functions .10 For this reason we work
directly with real frequencies/times, where the Green
functions and self-energies are matrices defined on the
Keldysh contour,11 and their matrix elements related by
the Kubo-Martin-Schwinger relations for thermal equi-
librium. The full SCLA reads:
Tk(ω) = 1 +
∫
C
dω′
∑
q′
[iGk−q′(ω
′)Gq′(ω − ω′)]Tk(ω)
Gk(ω) = G
(0)
k (ω) +G
(0)
k (ω)Σk(ω)Gk(ω) (1)
Σk(τ) =
∑
q
iTk(τ)Gq−k(−τ).
The SCLA is a conserving approximation12 : particle
number and energy are conserved, making the SCLA ro-
bust at any density, even when large scattering produce
significant renormalizations. A detailed study of SCLA
for both the attractive and repulsive (single-band) Hub-
bard model at half filling shows that the SCLA is substan-
tially close to the available exact solution in an extensive
range of temperatures/magnetizations.13 We expect this
to be even more true for this case of negligible fillings
(continuum model).
In the low density limit, using the bare particle propa-
gators, the T -matrix shows a pole at the exciton energy,
T+(k, ω) ≃ [ω−(−1/2+k2/8)+2iγ]−1. At the next self-
consistency step, the particle propagators show struc-
tures below the exciton energy through the self-energy
Σ. Higher order terms in self-consistency then introduce
exciton-exciton scattering effects.8 These effects are ac-
tually overestimated for the contact potential with re-
spect to a realistic coulomb potential due to the lack of
electron-electron (and hole-hole) interactions in the spin-
less model.14 We also checked that inclusion of spin in
the SCLA (using the contact potential) reduces scatter-
ing for a given density. In order to visualize the effects
of self-consistency on the single particle Green function,
we plot in Fig. 1 the spectral function at different steps
of iteration for T=0.1. At step 0, the spectral function
shows the usual single particle single peak, broadened by
γ=0.02 for regularization. At step 1, excitonic correla-
tions appear. Due to finite temperature, not only a single
excitonic peak appears, but contributions from larger ex-
citon momenta are also evident. The discretization of the
k-space (16 points) also results in a fragmentation of this
two particle continuum into resolved peaks, and in a re-
duction of the binding energy at low densities from 0.5 to
0.37. Further self-consistency steps significantly broaden
and shift both the single particle and two-particle peaks.
We thus understand that interaction among carriers is
shifting both exciton energies and single particle ener-
gies.
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FIG. 1. The spectral function ℑ[G+] at k=0, first four steps
of iteration. Corresponding densities are also shown. Other
parameters in the figure.
Next, we introduce the optically measurable quanti-
ties, emission (or photoluminescence), and absorption.
We calculate them in the dipole approximation, and ne-
glecting retardation in the electromagnetic interaction
between carriers (polaritonic effects). The polarization
P is the linear response to the classical external trans-
verse field, calculated within the dipole approximation.
It is thus related to the two-particle electron-hole Green
function, where the external electron and hole lines are
closed over the interaction with the transverse photon:
P (k) ∝
∑
q,Q
G2(
k
2
− q, k
2
+ q;
k
2
− q−Q, k
2
+ q+Q) =
H(k) +H(k)T (k)H(k), (2)
with H(k) = i
∑
qG(k/2 − q)G(k/2 + q). Here we used
the notation k = (k, ω), and optical frequencies are mea-
sured from the gap. The first term describes the usual
band to band recombination found in the single particle
picture, whereas the other term includes the correlation
effects of bound electron-hole states. Here we notice that
Eq. (2) gives the linear response of the system to the
external field only when the exact G2 is used.
12 How-
ever, we may expect that it is accurate also in the SCLA
as we noticed above that the SCLA is expected to be
quantitatively close to the exact solution. We checked
that deviations from current-conservation in the linear
response are negligibly small.
The absorption α, related to ℑ[P+], (the + apex la-
belling the retarded function), can be written as
α(k) ∝ ℑ[H+(k)]|T+(k)|2.
Thus, absorption in the excitonic limit shows a pole
at the exciton energy at low densities. Moreover, we
may also analytically find the absorption above the gap
by using the analytic expression of H+(k = 0, ω) =
−i/√2ω + i0+ for small densities:
α(k = 0, ω) =
√
2ω
1 + 2ω
2
which clearly shows cancellation of the 1D DOS diver-
gence at ω → 0+, i.e. a Sommerfeld factor which van-
ishes linearly at ω = 0. The k = 0 corresponds to the
direction perpendicular to the wire. Emission is instead
related to the correlation function of the dipole operator
and therefore to P<(k, ω). It can be found from absorp-
tion through the Kubo Martin Schwinger relations:
P<(k, ω) ∝ [expβ(ω − 2µ)− 1]−1ℑ[P+(k, ω)]
which show the typical Bose occupation factor for
the emission. We conclude that at low densi-
ties/temperatures, emission is excitonic as described in
absorption by the poles of T+.
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FIG. 2. The absorption and emission at various densities.
Other parameters in the figure.
In the following, we discuss emission and absorption at
intermediate and high densities, when a relevant number
of unbound pairs coexist with bound pairs. This situa-
tion is relevant for the photoluminescence experiments,
and for low temperature laser operation, when hot carri-
ers are injected in the system. Of course, quite stronger
correlation effects can be found at smaller temperatures,
when most of the carriers are bound into excitons, but
our aim is to show the relevance of correlation in a typical
and less extreme situation. We solved Eq. (1) for T=0.25
(corresponding to Eb/2) and densities up to n=0.8. In
Fig. 2 we plot the resulting absorption and emission. The
low density limit shows the excitonic absorption, and the
band to band absorption, as a long tail at higher energy.
At larger densities, excitonic absorption is bleached and
gain becomes evident. Even for n=0.38, when large gain
is present in the exciton spectral region, the emission
peak stays fixed close to Eb ∼ −1/2, the low-density ex-
citon energy. At the largest densities n>0.4, the emission
intensity saturates and a flattened top of the emission
peak results from the significant depth of the Fermi sea of
electrons and holes. We notice that even for n< 0.4, sig-
nificant broadenings are predicted by the SCLA. These
are instead absent in the HF calculations and have to
be introduced either phenomenologically, or by treating
scattering among carriers at the Born level. We remark
that scattering at the Born level is just the first of the
infinite terms in the ladder expansion. In order to bet-
ter understand the origin of the stability of the energy of
the emission peak with density, we compared the exciton
energy, the emission energy, and the band gap renormal-
ization (BGR), defined as twice the shift of the single
particle energy (Fig. 3). This definition coincides with
the optical band gap renormalization at small densities.
We also defined the exciton energy as that of the pole of
the T-matrix (more precisely, the |T+|2 peak).
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FIG. 3. Emission peak energy (PL), emission peak energy
in HF (PL-SCHF), the exciton energy (|T+|2 peak), and band
gap renormalization (BGR) as functions of the density. In the
inset an enlargement for the lower densities.
In Fig. 3 we notice large negative BGR even at rel-
atively small density. For n ∼ 0.15, the BGR is com-
parable to Eb, but a small change in the exciton energy
is observed (Fig. 3, inset). We remark that the val-
ues of the BGR are comparable to those calculated us-
ing a more realistic coulomb potential within the random
phase approximation.15 It confirms that screening effects
on BGR are small for low densities, when the depth of
the Fermi sea is smaller than the temperature as in our
case. Intuitively, in our model BGR and binding energy
compensate to produce a negligible shift of the exciton
energy. However, this compensation goes well beyond
the densities where the concept of exciton as a bound
state is still relevant, i.e. when the bandgap falls be-
low the exciton energy, at n > 0.15. Here, the T-matrix
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still shows a peak. It is now originating from a two-
particle scattering resonance in the two-particle contin-
uum. From Fig. 3, we notice an agreement between the
exciton energy and emission (PL) peak for n < 0.2. It’
s remarkable that the emission peak does not shift much
even for 0.2 < n < 0.4, when the exciton energy does.
But, this discrepancy between the two appears in a re-
gion where significant broadening of both the peaks is
present, as clearly shown in Fig. 2 for the emission. This
stability of the emission peak is not correctly predicted
by the simpler self-consistent HF approximation (using
the same contact potential for consistency), also shown
in Fig. 3. Even at lower densities (Fig. 3, inset), when
self-consistent HF correctly predicts excitonic emission,
larger emission shifts are found compared to the SCLA.
Moreover, we again remind that the HF approximation
does not consistently introduce broadenings in the spec-
tra. Only at densities n > 0.8 the self-consistent HF and
the SCLA coincide, given the larger weight of uncorre-
lated carriers in the system at these large densities. We
here remark that the same fixed emission peak for a broad
range of densities was also observed in recent experiments
on high quality GaAs quantum wires at comparable tem-
peratures, and attributed to excitonic emission.9 From
this emission data, the authors also concluded that BGR
is negligible. Here, we show instead that emission data
is not sufficient to support this conclusion, and that in-
deed BGR can coexist with a fixed emission peak in the
1D system. We also remind that our simplified model is
overestimating broadenings and shifts, so that this con-
clusion holds even more true.
In conclusion, we have shown the importance of
electron-hole correlation effects in the emission of light
from quantum wires, even at large densities, when the
temperature is smaller than the exciton binding energy.
We discussed how the self-consistent ladder approxima-
tion includes a large part of these correlations, and in
particular the broadening and renormalization resulting
from multiple scattering between correlated pairs. It is
able to predict negligible shifts of the emission peak in a
large range of densities, in agreement with experimental
observations, and in contrast to the predictions of sim-
pler Hartree-Fock approximation. Moreover, we observed
that this feature coexists with significant band-gap renor-
malization, and even with the disappearance of the exci-
tonic peak in absorption. The SCLA is thus the simplest
model retaining sufficient correlations to explain gain and
emission characteristics of the wires at low temperatures,
even in the high-density regime relevant for lasing.
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